Reverse to linearization, we propose a nonlinearization scheme of linear systems for generating integrable equations, based on a simple scaling dimensional argument. This yields together with well known integrable systems, new hierarchies of integrable equations with source terms, allowing exact n-soliton solutions. The novelty of such sources is that they can be deformed recursively by going to the next order equation in their integrable hierarchy. PACS: 02.30.lk, 02.30.jr, 05.45.Yv, 11.10.Lm, Key words: Nonlinearization of linear equations, Lax pair, Integrable hierarchies with sources, soliton solutions Integrable nonlinear systems have attracted enormous attention over the last fifty years due to their important applications to various fields lakshB , as well as rich properties like existence of the Lax pair, exact soliton solution, infinite number of conserved charges, integrable hierarchy of equations with higher nonlinearities etc. solit1 . Though such equations can be of diverse type, the integrability restricts their nonlinearity only to some specific form, as evident from the well known integrable equations like the nonlinear Schrödinger (NLS) equation, derivative NLS (DNLS), Korteweg-de Vries (KdV) equation, modified KdV (mKdV), sine-Gordon (SG) equation etc.solit1 . Nevertheless it remains a mystery how to determine a priory such integrable nonlinearities, i.e. those nonlinear terms which makes an equation integrable. A highly intriguing question therefore is that, can we have a scheme where reverse to usual linearization, one can nonlinearize linear systems to integrable equations. Addressing this anti-intuitive question, which is our basic aim here, seems to have been avoided, except perhaps a recent work dimitri07
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, in almost all studies in the subject, which as a rule start with a nonlinear equation itself and proceed to explore its various properties solit1,akns,kņ . We on the other hand intend to start from simple linear equations like iq t = q xx , q t = q xxx , θ xt = 0, etc. and nonlinearize them to construct first the known integrable models, and then find new integrable equations by continuing this process. Our strategy is to build up a corresponding naive linear Lax pair and deform them nonlinearly to a genuine pair, by using a simple scaling dimensional argument together with a few input. Through this nonlinearization we could generate uniquely the well known integrable systems like NLS, DNLS, KdV, mKdV, SG etc. along with all higher order equations in the integrable hierarchies of both the AKNS aknş and the KN kņ spectral problem. Simple input of scaling dimension is proved to be effective enough to distinguish between the nonlinearization of the same linear Schrödinger (LS) equation to the integrable NLS or to the DNLS equation. Moreover as an important application we discover new integrable hierarchies of nonlinear equations, representing extensions of the known equations like NLS, KdV, SG etc. with additional source terms. Contrary to the usual situations, where the sources either spoil the integrability sourceNI or are defined through the eigenfunctions of the spectral problem sourceI making the system much complicated, our source equations are simple, explicit and integrable. Another novelty of such sources is that they can be changed recursively by going to the next higher equation in their integrable hierarchy.
Noticing that direct nonlinearization of a linear equation is not unique and one needs a more refined method for filtering out the integrable cases, we stick from the beginning to a structure akin to integrable systems by defining a Lax pair for the linear system itself and proceed to nonlinearize them to a true pair (U, V ) satisfying the Lax equations Φ x = U Φ, Φ t = V Φ. The nonlinear integrable equation is then obtained uniquely from the compatibility Φ xt = Φ tx or the flatness condition
We start from the linear dispersive equations for the field q(t, x) and its conjugate r(t, x) as iU
xxx , etc. by introducing a matrix U (0) = qσ + + rσ − . By easy observation we cast these linear equations at our disposal as linear flatness condition U
xx , etc. for the consecutive higher order equations. The significance of constant parameter λ, which can be ignored here without any loss, will become clear in the process. Notice that the above linear Lax pairs are constructed from the building blocks: λ, U (0) and its derivatives, each of them entering linearly. Our criterion for constructing all nonlinear Lax pair U, V ∈ sl(2) from their linear versions is that, the additional nonlinear terms in them must also be built from the same building blocks, by all possible nonlinear combinations, guided by the dimensional argument. Observe that the Lax equations fix the dimensional unit of Lax Note that a nonlinear variable change can generate from an integrable system other gauge equivalent equations Kun84 . We therefore focus only on fundamental integrable equations belonging to the AKNS or the KN family, while the gauge equivalent systems can be obtained by a simple transformation. Let us consider first the LS equation iq t = q xx . However, realizing that both the well known integrable equations: NLS and DNLS linearize to the LS equation, one faces a puzzling question asking, how to generate two different integrable systems unambigously from the same linear equation. We find its simple answer by noticing that, these two cases can be distinguished by attributing different SD to their fields, which would lead subsequently to two different forms of their Lax operators for the AKNS and the KN spectral problems.
We consider first the field with [q] = [r] = 1. For constructing the space-Lax operator U (λ) with SD 1 out of λ, U (0) , both having SD 1, we conclude that U (l) as constructed above gives SD 1, and can not be deformed further yielding hence U (λ) = U (l) , which recovers the well known AKNS Lax operator solit1,aknş . In the corresponding V 2 (λ) with SD 2 however in addition to V (l) 2 nonlinear terms V (nl) 2 must be built from λ, U (0) through their products and powers with matching
. Note that fixing the dimensionless numerical factors of different terms in V 2 (λ) goes beyond the scope of the dimensional argument. However this is achieved from the flatness condition of U (λ), V 2 (λ), which gives several consistency relations at different powers of λ. One can show that the number of such relations is just sufficient to determine the numerical coefficients without any ambiguity as well as the nonlinear equation we are looking for, where a nonlinear term 2σ 3 (U (0) ) 3 appears in addition to the initial linear equation. For r = ±q * this gives ±2|q| 2 q, which added to the LS equation produces the NLS equation, completing thus our nonlinearization.
The next higher order linear equation follows a similar procedure. The space-Lax operator being the same, one has to build the time-Lax operator V 3 (λ) by adding a nonlinear part V
x , by all possible nonlinear combinations with combined SD = 3. Similar to the procedure illustrated above, this builds the nonlinear part uniquely Vn23 , giving
. The flatness condition of the pair U (λ), V 3 (λ) fixes again the numerical factors in different terms and yields the nonlinear equation adding ((
x (U (0) ) 2 ) to the starting linear equation. For r = 1, q = u this nonlinear term reduces to 6uu x , while for r = q = v to 6v 2 v x , yielding the integrable KdV and the mKdV equations, respectively for the third order linear equation we started with.
One can similarly go to higher order linear equations. Since the space-Lax operators U (λ) is constructed, the task is to build the time Lax operator V N (λ), out of the same building blocks with all possible combinations like (λ) k ( x ] matche in dimensionality and so can also be added, they give no independent equations and lead simply to relations derivable from the nonlinear equations for the field obtained from the rest of the terms. This identification of terms together withṼ 2 (λ) ∈ sl(2), constructs the time-Lax operator uniquely Vnn23 , generating the integrable nonlinearity as i((U (0) ) 3 ) x . For r = ±q * this adds ±2(|q| 2 q) x to the LS equation giving just the DNLS equation.
The higher order linear equations we considered above nonlinearize now also to a different set of integrable equations, belonging to the KN hierarchy, due to the changed SD. Without giving details we mention that the construction is a bit tedious here since the total number of terms in the corresponding V N (λ) due to the new SD constraint: 
, with G (1) being a matrix function of SD 3. Though one can construct G (1) explicitly using again the SD argument as above, in this case it becomes unnecessay and the flatness condition itself yields an interesting integrable NLS type equation
with a source g = G
12 , governed by a differential constraint on the source:
Remarkably this souce function can be changed consistently preserving its integrability by extending
further by adding another term
, with a matrix function G (2) of SD 4. This results to the same NLS type equation (1) with a source, though the source is having now a different dynamical nature given by G (1)
This procedure for integrable deformation of the source term can be continued recursively by adding more terms in V (nl−ext) N with higher -ve powers of λ and G (n) , n = 1, 2, . . . , n, resulting a new integrable hierarchy for each starting equation with fixed N . For the NLS type equation (1) such equations for the source up to arbitrary n may be given by
This clearly reduces to (2) for n = 1 and (3) for n = 2. Note that though the original N -th order nonlinear equations in the AKNS hierarchy are different for different N = 2, 3, . . ., the equations (4) on the source are of the same form for all N . All such integrable equations with sources allow exact solutions in the usual way, since their spectral problem is not changed. However the time evolution of scattering data b(λ, t), b j (t) may change with additional terms like e i c (n) λ n t , depending on the asymptotic values c (n) of the source term at space infinities. Consequently, The soliton velocity and the enveloping wave frequency may get boosted under the influence of the source (see Fig. 1) .
One of such new integrable equations of physical interest, found for N = 2, n = 1, is the NLS with a dynamical source φ:
exhibiting exact soliton solutions. Interestingly, the source with φ(x → ±∞) = c changes the original velocity v 0 of 1-soliton and the frequency ω 0 of its enveloping wave, obtained at λ 1 = ξ + iη by an For N = 3 and n = 1, 2 one can derive another integrable equation with source in the form q t − q xxx − 6(qr)q x = g x (t, x) with constraint (3), which for r = q = v reduces to a new mKdV equation with a source, while for r = 1, q = u simplifies to an integrable KdV equation with a source:
where G
11 (x → ±∞) = c plays a crucial role as explained in Fig. 1 . Eliminating g one can rewrite this set as a 6th order KdV equation, which has been identified recently as to pass the Painlevé integrability test 6kdv . However we emphasize that all equations derived here are completely integrable allowing exact n-soliton solutions.
Another intriguing question we like to focus on is that, what happens when one takes the time-Lax operator solely as a deformation V (λ) = V (nl−ext) , dropping out both V (l) and V (nl) terms. Note that since in this case the original nonlinear equation disappears, one gets only simple source equation
12 , with a constraint on the source as (2) for n = 1, (3) for n = 1, 2 etc. Note that for the reduction q = r = θ x the original equation without source is simply the linear wave equation θ xt = 0 in the light-cone coordinates. The source term nonlinearizes it and for this reduction we can solve easily the source constraint (2) to get G (1) 12 = −i sin 2θ, which surprisingly is equivalent to the pure SG equation in the light-cone coordinates: θ xt + sin 2θ = 0. However if the constraint (3) on the source is considered, one really gets a new physically interesting integrable equation, representing the SG with a source (SGs):
One can construct an integrable hierarchy of SGs by continued deformations with n = 3, 4, . . .. The present work though bears similarity with the AKNS and KN scheme, it differs in its motivation and in generality of the approach. Instead of exploring the solution of an integrable equation, it aims to construct such nonlinear equations themselves from linear equations. Our scheme generates both AKNS and KN systems in an unified way from a single known object U (0) , using only dimensional argument without any ambiguity or guess work. Thus from the same starting linear equations, we can construct two different sets of integrable equations, in particular NLS and DNLS from the LS equation, by taking different SD for the field. Finally as an important application we discover a new class of integrable equations with sources, where the nature of the source term can be changed recursively by going to the higher integrable equations in its hierarchy. Exact soliton solutions and some new integrable equations of physical interest and the effect of the source on them are presented. Due to general nature of SD, the present approach might be expected to work also in 2 + 1 dimensions. Note that some of the simplest new source equations (5, 6, 7) or others in this family, could be related to the Melnikov's source terms given through square eigenfunctions for the discrete spectrum λ j sourceI , but only in the case λ j = 0. Interestingly, however this particular case was excluded from Melnikov's method since it would lead to trivial result in that set up. Moreover since Melnikov's sources are tied up to the eigenfunctions, they are both complicated and restricted with no scope for further extensions. The integrable sources we find here on the other hand are simple and flexible, and can be modified through a hierarchy of integrable equations for each of the starting models.
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